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(1) $\zeta_{k}(s_{1}, \ldots, sk)=\sum_{k0<n_{1}<\cdot\cdot<n}.\frac{1}{n_{1}^{s_{1}}n_{2}..n_{k}s2.s_{k}}$.
si $(i=1,2, \ldots, k)$ $\Re(s_{i})\geq 1(i=1,2, \ldots, k-1)$
$\Re(s_{k})>1$ $k$
$a_{i},$ $(i=1, \ldots, k)$
$\zeta_{k}(a_{1,\ldots,k}a)$ L.Euler
D. $\mathrm{Z}\mathrm{a}\mathrm{g}\mathrm{i}\mathrm{e}\mathrm{r}[12][13]$ T.Arakawa &MKaneko [3]




Zhao [14], S.Akiyama, S.Egami and Y.Tanigawa [1]
$\chi_{i}$
$\mathrm{m}\mathrm{o}\mathrm{d} q(i=1,2, \ldots, k)$ mod $q$ Dirichlet $\chi 0$
$\beta_{i}$ ($i=1,2,$ $\cdots$ , $[0,1$ )
(1) – :
(2) $L_{k}(s_{1}, \ldots, S_{k}|x_{1}, \ldots, x_{k})=\sum_{0<n_{1}<\cdot\cdot<nk}.\frac{\chi_{1}(n_{1})}{n_{1}^{s_{1}}}\frac{\chi_{2}(n_{2})}{n_{2}^{s_{2}}}\ldots\frac{\chi k(n_{k})}{n_{k}^{s_{k}}}$ ,
(3) $\zeta_{k}(s_{1}, \ldots, S_{k}|\beta 1, \ldots, \beta_{k})=\sum_{n0<n_{1}<\cdot\cdot<k}.\frac{1}{(n_{1}+\beta_{1})^{S}1(n_{2}+\beta 2)s_{2}\ldots(n_{k}+\beta k)^{s}k}$ ,
$ni\in \mathrm{N}(i=1, \ldots, k)$ $\Re(s_{i})\geq 1(i=1,2, \ldots, k-1)$ $\Re(s_{k})>1$
$\mathrm{L}$ Hurwitz $\mathrm{f}^{*}-$
$L_{k}$ (si $|\chi_{i}$ ) $\text{ }\zeta_{k}$ (si $|\beta_{i}$ )
S.Akiyama
[2]
Remark 1. K.Matsumoto [10]:
$\zeta_{k}(v_{1}, \ldots, v_{k}; \alpha_{1}, \ldots, \alpha_{k}; w_{1}, \ldots, w_{k})$
$=$ $\sum_{m_{1}=0m_{2}}^{\infty}\sum_{=0m_{k}0}^{\infty}\cdots\sum_{=}^{\infty}(m1w1+\alpha 1)^{-}v_{1}(m1w_{1}+m_{2}w2+\alpha 2)^{-v}2$
(4) $\cross\cdots\cross(m_{1}w_{1}+m2w2+\cdots+m_{k}w_{k}+\alpha k)^{-v}k$
$v_{1},$ $\ldots,$ $v_{k},$ $w_{1},$ $\ldots,$




K. Matsumoto $w_{i}$ (4)
$w_{i}$
M. Katsurada ( M. Katsurada
1155 2000 162-167 162
(4)
[8] $)$
Remark 2. (2) $\mathrm{L}$ T. Arakawa
M. Kaneko (1) –
$ML(s_{1}, \ldots, s_{k})=$





$j$ $\tilde{B}_{j}(x)=B_{j}(x-[x])$ $[x]$ $x$
$B_{r}$ $B_{r}=B_{r}(0)$

















Lemma 1. $l$ $N_{1}$ \alpha $\eta$
$\Phi_{l(S|)}N_{1}+\eta,$$\alpha=\frac{(s)_{\iota+1}}{(l+1)!}\int_{N_{1}+\eta}^{\infty}\frac{\tilde{B}_{\mathrm{t}+1}(_{X)}}{(x+\alpha)s+l+1}dx$
$(s)_{r}=\{$




$\sum_{N_{1}+\eta<n}^{\infty}\frac{1}{(n+\alpha)^{s}}=\sum_{-1\leq r}^{\iota}\frac{\tilde{B}_{r+1}(\eta)}{(r+1)!}\frac{(s)_{r}}{(N_{1}+\alpha+\eta)^{s+}r}-\Phi_{l(s}|N_{1}+\eta,$ $\alpha)$ .
$\Phi_{l}(s|N_{1}+\eta, \alpha)$
$\Phi_{l}(s|N_{1}+\eta, \alpha)<<\frac{1}{(N_{1}+\eta+\alpha 1)^{(\Re_{S}+}\iota+1)}$ .
3.
$\mathrm{N}_{\text{ }}\mathbb{Z}_{\text{ }}\mathbb{Q}_{\text{ }}\mathrm{R}_{\text{ }}$ C
A-< $A$ *
$\mathbb{Z}\leq t=\{n\in \mathbb{Z}|n\leq\ell\}$
Theorem 1 $L$ $L_{k}(s_{i}|\chi_{i})$ $\mathbb{C}^{k}$ possible
singularities la
$s_{k}=1$ , $\sum_{i=1}^{j}Sk-j+1\in \mathbb{Z}\leq j(j=2,3, \ldots, k)$ .
$k=2$ singularities
Corollary 1. $L_{2}$ (si $|\chi_{i}$ )
(7) $\{$
$\{(S_{1}, S_{2})\in \mathbb{C}^{2}|s_{1}+s_{2}\not\in \mathbb{Z}\leq 2, s_{2}\neq 1\}$ if $\chi_{1}=\chi_{0}$ , $\chi_{2}=\chi 0$
$\{(s_{1}, s2)\in\alpha|s_{1}+s_{2}\not\in \mathbb{Z}\leq 1, s_{2}\neq 1\}$ if $\chi_{1}\neq\chi_{0}$ , $\chi_{2}=x0$
$\{(s_{1,2}S)\in \mathbb{C}^{2}|s_{1}+s_{2}\not\in \mathbb{Z}\leq 1\}$ if $\chi_{2}\neq\chi_{0}$ ,
possible singularities $\chi_{1}$ $\chi_{2}$
$\chi_{1}\chi_{2}\neq\chi 0$ $L_{2}(s_{i}|\chi_{i})$
(8) $\{$
$\{(S_{1}, S_{2})\in \mathbb{C}^{2}|s_{1}+s_{2}\neq 0, -2, -4, -6, -8, \ldots\}$ if $x_{1}x2(-1)=1$ ,
$\{(s_{1}, s_{2})\in \mathbb{C}^{2}|s_{1}+s_{2}\neq 1, -1, -3, -5, -7, \ldots\}$ if $x_{1}x2(-1)=-1$ ,
the whole set of singularities
Theorem 2. Hurwitz \mbox{\boldmath $\zeta$}k $(s|\beta)$ $\mathbb{C}^{k}$ ‘possible’
singularities ea
(9) $s_{k}=1$ , $\sum_{i=1}^{J}Sk-i+1\in \mathbb{Z}\leq j(j=2,3, \ldots, k)$ .





$s_{k-1}+s_{k}$ $=$ 2, $0,$ $-2,$ $-4,$ $-6,$ $\ldots$
$\sum_{i=1}^{j}Sk-i+1$ $\in$ $\mathbb{Z}\leq j$ for $j=3,4,$ $\ldots,$ $k$
singularities $\beta_{k-1}-\beta_{k}=0$
$s_{k}$ $=$ 1
$s_{k-1}+s_{k}$ $=$ 2, 1, $0,$ $-2,$ $-4,$ $-6,$ $\ldots$
. $\sum s_{k-i+1}j$ $\in$ $\mathbb{Z}\leq j$ for $j=3,4,$ $\ldots,$ $k$
$i=1$
singularities
Remark 4. Theorem 2 $\beta_{i}-\beta_{i+1}(i=1, \ldots, k-1)$
singularities
$\mathrm{L}$ $k\geq 3$ singularities $k=2$






(10) $L_{2}$ (si $|\chi_{i}$ ) $= \frac{1}{q^{s_{1}+s_{2}}}\sum_{=a_{1}1}^{q-}1a=1\sum_{2}^{q-}x11(a_{1})x_{2}(a2)M2(s_{1}, s_{2})$ .






$=$ $M_{1}(s)(_{-1\leq r} \sum^{\iota}\frac{\tilde{B}_{r+1}(^{\frac{a-a}{q}})}{(r+1)!}\frac{(s_{2})_{r}}{(m_{1}+\underline{a}q\perp)S_{2}+\Gamma}-\Phi_{l}(_{\mathit{8}_{2}}|n_{1}+\frac{a_{1}-a_{2}}{q}, \frac{a_{2}}{q}))$
$=$ $\sum_{-1\leq r}^{\iota}\frac{\tilde{B}_{r+1}(^{\frac{a-a}{q})}}{(r+1)!}(_{S_{2})_{r}}\sum_{m1=0}^{\infty}\frac{1}{(m_{1}+\underline{a}q\perp)^{s_{1}+}s2+r}$
(11) $- \sum_{m_{1}=0}^{\infty}\frac{\Phi\iota(_{S_{2}}|m_{1}+\underline{a}_{\mathrm{J}arrow \mathrm{Z}}-qa\underline{a}q)}{(m_{1}+\underline{a}\perp)^{s_{1}},q}$
,
$=$ $\sum_{-1\leq r}^{l}\frac{\tilde{B}_{r+1}(\begin{array}{l}\underline{a}\perp-arrow aq\end{array})}{(r+1)!}(s_{2})r\zeta(s_{1}+s_{2}+r, \frac{a_{1}}{q})-\sum_{m_{1}=0}^{\infty}\frac{\Phi_{l}(s_{2}|m1+\frac{a-a}{q}-a2)q}{(m_{1}+\perp)^{s_{1}}\underline{a},q},$ .





$L_{2}$ (si $|\chi_{i}$ ) $\mathbb{C}^{2}$
$k^{\mathfrak{l}}\geq 3$
$L_{k}$ (si $|\chi_{i}$ ) $=$
$\frac{1}{q^{s_{1}+\cdots+S_{k}}}\sum_{=a_{1}1}^{q-}\sum_{a_{2}=1}^{-1}1q$ . . . $a_{k}1 \sum_{=}^{q-1}\chi 1(a1)\chi_{2(a)}2\cdots x_{k}(ak)M_{k}(s)$
$M_{k}(s)$ Lemma 1
Theorem 2 Theorem 1 [2]
5.
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